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INTRODUCTION 
Let A be a commutative algebra over a field k. An algebra homomorphism 
A +d A @A determines a product on G,(B) = Alg,(A, B), where B is a 
commutative k-algebra, defined by 
for f, g E G,(B). If A is coassociative (resp. A is a bialgebra, Hopf algebra) then 
G,( ) is a functor to semigroups (resp. monoids, groups), and G,( ) is called a 
pro-affine semigroup scheme (resp. monoid scheme, group scheme). 
We show that a commutative cocommutative bialgebra A over a field k is a 
Hopf algebra if G,(k) h as a unique idempotent. Let A be any commutative 
bialgebra over k. If F is a field extension of k we show that G,(F) is a group if it 
has a unique idempotent, and that if G,(F) is a group for all field extensions F, 
then A is a Hopf algebra (i.e. GA( ) is a pro-affine group scheme). If A is finitely 
generated and R is an algebraic closure of k, then G,(R) having a unique idem- 
potent guarantees that A is a Hopf algebra. 
Our techniques are purely algebraic and involve very few basic results from 
the theory of Hopf algebras. We shall use the notation and convention of [3]. 
1. PRELIMINARIES 
Let C be a coalgebra over a field k and U, V C C be subspaces. The wedge 
UA VofUandVisdefinedas UA V=d-‘(U@C+C@V).Itiseasyto 
* The research for this paper was supported in part by National Science Foundation 
Grant No. MCS77-0113. 
497 
0021-8693/79/040497-05$2.00/O 
Copyright 0 1979 by AcademicPress, Inc. 
.4ll rights of reproduction in any form reserved. 
498 DAVID E. RADFORD 
see [3, Prop. 9.0.0.b)] that U A V = ( ULVL)A. Define V(n) inductively by 
V’(r) = V and P+r) = V A V(n) for n > 1, and set Vcm, = (-)I1 V(n). V+ will 
denote V n ker E. The properties of “A” we will need are included in: 
LEMMA. Let C be a coalgebra over afield k and V _C C be a subspace. 
(a) OVZV@C+C@V fand only if VLV1_CVL if and only if 
V = B-, where B C C* satisjes B2 C B. 
(b) ~Vt,,CV,m,OC+COV/(,). 
(4 v:,, is a coideal. 
(4 C/V&, is cocommutative if and only if V = Uli where U C C* generates 
a commutative subalgebra. (Thus C[ V&, is cocommutative ifcodim V = 1.) 
(e) If C is a bialgebra and I, J C C are ideals, then I A J is an ideal. In 
particular I&, is a bi-ideal. 
Proof. ObservethatdVCV@C+C@Vif andonlyif VCVhVif 
and only if V1 2 VIVA, since ( V A V)l = 1 (V V ) A IL. Since multiplication in C* 
is continuous, (a) follows. Let Ul = V. Then V(n) = (l?)l for n > 1 follows 
by induction, so VC~, = flz=, V(n) = (Cz==, P) shows that (b) follows from 
(a). VA, = (k ‘6 + V&Y so (c) follows from (a) and (b). To show (d) observe 
thatk ‘E + U + Ua +- ... can be regarded as a dense subalgebra of (C/V&,,)*. (e) 
follows by definition, part (c), and the fact that d is an algebra homomorphism 
in this case. Q.E.D. 
Suppose 4 is a commutative bialgebra over a field k and 7, 7’ E G,(k). Then 
ker 7 $7’ = ker 7 A ker 7’; in particular if J%’ = ker 7 then AP) = ker qn for n 3 1. 
By the lemma A/A&, is a commutative cocommutative bialgebra. The image of 
the natural injection GA ,./l:,,(k) c+ G,(k) is the closure, in the Zariski topology, 
of the submonoid generated by 7. 
The following proposition is due to Takeuchi. Nichols has a very elementary 
proof of the fact that a bialgebra quotient of a commutative Hopf algebra is a 
Hopf algebra [2, Theorem I]. We use this to give another proof of Takeuchi’s 
result. Recall that if C is a coalgebrag E C is grouplike ifg + 0 and Ag = g @g. 
PROPOSITIOX [4, Cor. 691. A commutative bialgebra A over a field k is a 
Hopf algebra if its grouplike elements are invertable. 
Proof. Let C be a finite-dimensional subcoalgebra of A. Then C* is an 
algebra, and the left regular representation Cc -P End(V), where V = C*, 
induces a surjective coalgebra map End(V) * + C which in turn lifts to a bialgebra 
map a +fl A from the symmetric algebra 6Y of End(V) * to A. Let det E csl be the 
determinant form. Then det is grouplike, so since n(det) is a grouplike of A, 17 
lifts to a bialgebra map a[det-l] +fl A. But @[de+] is a Hopf algebra, so by 
Nichol’s result Im n is a Hopf algebra. Thus every finite-dimensional sub- 
coalgebra is contained in a sub-bialgebra which is a Hopf algebra, SO clearly A is 
a Hopf algebra. Q.E.D. 
PRO-AFFINE MONOID SCHEMES 499 
2. THE MAIN RESULTS 
Let A be a commutative algebra over a field K, and suppose A -& A @ A is a 
coassociative algebra homomorphism. Let 9 be the ideal of A generated by the 
c %P(z) - a = (I *I - I)( > a ‘s, where a E A(& = C a(,) @ a(,) for a E A). 
2.1. n E G,(B) is an idempotent if and only if 9 C ker r. 
The basic result of this paper is: 
THEOREM 1. Let A be a commutative cocommutative biulgebra over a field k. 
If G,(k) has a unique idempotent, then A is a Hopf algebra. 
Proof. We first show that 9 = ker E. Since A is cocommutative, I *I is a 
coalgebra map, so Im(l *I - 1) is a coideal. Thus 9 is a bi-ideal. Since 
G+,,?(k) C+ G,(k) is a one-one map of monoids, to show 9 = ker E we need 
to show 9 = (0) implies A = k * 1. 
Assume9 = (0) and G,(k) h as a unique idempotent. Theng2 = g holds for all 
grouplikes g E A; thus 1 is the only invertable grouplike of A. We may write 
A = .4l @ C, where A1 is the irreducible component of k . 1, and C is a sub- 
coalgebra of A. Let R be an algebraic closure of k. Then A @ R = 0, Ag, 
where g runs over the grouplikes of A = A @ 6, and As is the irreducible 
component of K . g. Again, 1 is the only invertable grouplike of A, so since 
AsAh c Agh in any case, we see that C = &I Ag is an ideal of A. Since 
C = C 9~ k, necessarily C is an ideal of A. Notice that A --+’ k defined by 
E(a) = F(U) ueA1, 
=o UCC 
is an idempotent algebra homomorphism. By assumption E = Z, so C = (0). 
Therefore i3 = A1 is a Hopf algebra. If s is the antipode of A, the calculation 
= C s(ad(I * I(4 - a(2)) + C 4ahh2) 
for a E -4 shows that ker c Cs = (0). Therefore A = k * 1, so we have shown 
that 9 = ker E in any case. 
Secondly, we show that 9 = ker E implies A is a Hopf algebra. 9 = ker E 
means p @ K = ker E @ 1. Write A = @ As as before, and define A --+’ K by 
Z = E @ 1 on Ag if g is invertable, and F = 0 on As if g is not invertable. Then 
E” E G,(K) and is an idempotent, so c = E @ 1 by 2.1. Therefore all grouplikes 
of A @ K are invertable, so all grouplikes of A are invertable. By the proposition 
A is a Hopf algebra. Q.E.D. 
Let A = k[x], where x2 = 0, and define A --+ A @ A by dx = x @ x. 
Then G,( ) is a semigroup scheme such that G,(B) has a unique idempotent for 
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all B, but there can be no counit for A. Thus the hypothesis “bialgebra” is 
needed for the theorem. 
COROLLARY 1. Let A be a commutative bialgebra over a field k. If F is a field 
extension of k and G,(F) has a unique idempotent, then G,(F) is a group. 
Proof. G,,(F) N GA&F) as monoids, so we may assume k = F. Let 
7 E G,(k) and A?’ = ker 7. Then A/.,&?:,, is a commutative cocommutative 
bialgebra. The corollary follows directly from the theorem by means of the map 
G /i/q# c+ G/dk). Q.E.D. 
COROLLARY 2. Let A be a commutative bialgebra over a field k. Then A is a 
Hopf algebra if G,(F) has a unique idempotent for alljield extensions F of k. 
Proof. G,(F) is a group for all field extensions F of k by Corollary 1. Let 
g E A be grouplike and A C A be a maximal ideal. If A --fv F is the projection 
onto F = A/&, the computation v(g)y-l(g) = 1 shows g # 4. Hence g is 
invertable, so A is a Hopf algebra. QED. 
From the next corollary it easily follows that an affine monoid defined over an 
algebraically closed field which has a unique idempotent must be an affine group. 
COROLLARY 3. Let A be a finitely generated commutative bialgebra over a 
field k, and let k be an algebraic closure of k. If G,(k) has a unique idempotent, then A 
is a Hopf algebra. 
Proof. We can use the proposition to conclude that A is a Hopf algebra if 
and only if i2 @ k is (a fact which holds generally for bialgebras). Thus we may 
assume k = k. In this case G,(k) is a group, any maximal ideal of A codimension 
1, so the proof of the previous corollary applies. Q.E.D. 
THEOREM 2. Let A be a commutative bialgebra. Then A is a Hopf algebra if 
and only if 9 = ker E. 
Proof. If y = ker E then G,(B) has a unique idempotent for all commutative 
k-algebras B, so A is a Hopf algebra by Corollary 2. Conversely, if A is a Hopf 
algebra, then the calculation in the proof of Theorem 1 shows p = ker E. 
Q.E.D. 
Let 02 be a commutative algebra over k and suppose a48 6Y @ a is an 
algebra homorphism which is coassociative. Let A = 6Y @ k . d be the direct 
sum of algebras, where d 2 = d # 0. Then A has a natural bialgebra structure 
whereA+AA@AisgivenbyAd==d@dandAa=6(a)+a@d+d@a, 
and A -+ k is given by c(d) = 1 and E(a) = 0 for a E A. Ga( ) is a pro-affine 
semigroup scheme, and GA( ) may be regarded as the addition of a neutral 
element to GcA( ). Let Gsd 3 k be a field extension of k and define 6 by 
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S(a) = 1 @ a for a E 6% Notice G,(k) = {c}; thus Theorem 1 does not hold in 
general (of course if K is not algebraically closed then 6X may be taken to be 
finite-dimensional), and finite generation can not be dropped in Corollary 3. Our 
last result concerns idempotents and pro-affine semigroup schemes. 
COROLLARY 4. Let Ga( ) be a pro-afine semigroup scheme. Then G*(F) has an 
idempotent for some jield extension F of k(GY # (0)). 
Proof. Suppose Ga(F) has no idempotent for all field extensions F of k. 
Constructing A = od @ k . d as above we see that G,(F) has a unique idempotent 
for all such F. By Corollary 2 A is a Hopf algebra. d2 = d means d = 1, so 
necessarily 6Y = (0). This gives the corollary. QED. 
The last corollary implies that if A is a (non-zero) commutative algebra over a 
field k and A +d il @ A is any coassociative algebra map, thenp 2 A. 
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